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Abstract
Both Emden–Fowler and generalized Emden–Fowler nonlinear ordinary differential equations (ODEs) are
reduced to Abel’s equation of the second kind by means of admissible functional transformations. Since in Part I
a mathematical technique is developed leading to the construction of exact analytic solutions of the above Abel
equation, it follows that the Emden–Fowler equations admit exact analytic solutions too. In this sense several basic
particular nonlinear ODEs in mathematical physics are examined.
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1. Introduction
Both Emden–Fowler and the generalized Emden–Fowler nonlinear ordinary differential equations
(ODEs) are reduced to Abel’s equations of the second kind by means of various admissible functional
transformations. In Part I [1] a mathematical technique is developed leading to the construction of exact
analytic solutions in the form of known (tabulated) functions of the above Abel equations of the second
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kind. Thus, it follows that the Emden–Fowler nonlinear ODEs admit exact analytic solutions. Several
basic second-order nonlinear ODEs in mathematical physics and nonlinear mechanics are investigated
supplementing in this way the results obtained in [2].
2. Some results on the Emden–Fowler nonlinear ODEs
2.1. The Emden–Fowler equation of the normal form
The Emden–Fowler nonlinear ODE of the normal form is
yx x = Axn ym, (1)
where A, and n, m are arbitrary parameters (yx = dy/dx, yx x = d2 y/dx2, . . .).
We note the following regarding the solution of (1), [3]:
(i) For m = 1, (1) possesses the following particular solution:
y = λx (n+2)/(1−m), where λ = [(n + 2)(n + m + 1)/A(m − 1)2]1/(m−1). (2)
(ii) The transformations
y = w(t)/t, x = 1/t (t = 0) (3)
transform (1) into the following equation of different pairs {n, m} of exponents
wt t = At−n−m−3wm. (4)
Eq. (1) is, in general, unsolvable. In [3] the authors discussed all solvable Emden–Fowler equations
(1), e.g. all combinations of parameters A, n, and m for which exact solutions can be constructed in
parametric form.
2.2. The generalized Emden–Fowler equation
The generalized Emden–Fowler nonlinear ODE is
yx x = Axn ym(yx). (5)
For  = 0 it degenerates to the normal Emden–Fowler form (1). To analyse (5) we utilize the triad
notation {n, m, } to denote the specific exponents of the equation. We note the following:
(i) Considering x = x(y) and introducing the F-transformation
F : yx = dydx =
1
dx/dy
= 1
xy
, (6)
we then derive the following alternative generalized Emden–Fowler equation:
xyy = −Aym xn(xy)3−. (7)
The F-transformation can be represented in short-hand notation using the triad symbolism
{n, m, } F←→ {m, n, 3 − }. (8)
(ii) If m = 0, n = −1 and  = 1, the substitutions
w(t) = xn+1, t = (yx)1− (9)
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transform (5) to the following new generalized Emden–Fowler equation:
wt t = Bt1/(1−)w−n/(n+1)(wt)(2m+1)/m, where B = − m
n + 1
[
A(1 − )
n + 1
]1/m
. (10)
We denote this transformation by G and symbolically denote it as
{n, m, } G←→
{
1
1 − ,−
n
n + 1 ,
2m + 1
m
}
. (11)
By using different compositions of transformations F and G one can construct six distinct
generalized Emden–Fowler equations corresponding to different triads of exponents {n, m, }, [3,
p. 301].
(iii) In the special case when  = 0 we showed that transformation (3) leads to the normal
Emden–Fowler equation (4). We denote this transformation by H:
{n, m, 0} H←→ {−n − m − 1, m, 0}. (12)
Then, different compositions of the transformations F, G and H produce twelve distinct generalized
Emden–Fowler equations, [3, p. 302].
(iv) Similarly, with  = 0 and n = 1, different compositions of transformations F, G and H generate
twenty-four different generalized Emden–Fowler equations [3, p. 303].
2.3. The reduction of the Emden–Fowler equation of the normal form
(a) Consider the Emden–Fowler equation of the normal form
yx x = Axn ym (13)
with m = 1 and m = −2n − 3, the new coordinates
ξ = 2n + m + 3
m − 1 x
(n+2)/(m−1)y, u = x (n+2)/(m−1)
(
xyx + n + 2
m − 1 y
)
, (14)
transform (13) into the following Abel equation of the second kind of the normal form:
uuξ − u = −(n + 2)(n + m + 1)
(2n + m + 3)2 ξ + A
(
m − 1
2n + m + 3
)2
ξm. (15)
(b) Consider now the generalized Emden–Fowler equation
yx x = Axn ym(yx). (16)
The transformations
ξ = x
y
yx, u = Axn−+2 ym+−1 (17)
reduce (16) to the following Abel equation of the first kind
(ξ u − ξ 2 + ξ)uξ = [(m +  − 1)ξ + n −  + 2]u. (18)
According to [3], the substitution
w = u − ξ 2− + ξ 1− (19)
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transforms (18) into the following Abel equation:
wwξ =[(m + 2 − 3)ξ + n − 2 + 3]ξ−1w
+[(m +  − 1)ξ 2 + (n − m − 2 + 3)ξ − n +  − 2]ξ 1−2. (20)
Finally, the new substitution
s =
∫
[(m + 2 − 3)ξ + (n − 2 + 3)]ξ−1dξ = (m + 2 − 3)ξ + ln |(n − 2 + 3)ξ | (21)
reduces (20) to the following Abel equation of the second kind of the normal form
wws − w = f (s), f (s) = [(m +  − 1)ξ
2 + (n − m − 2 + 3)ξ − n +  − 2]ξ 2(1−)
(m + 2 − 3)ξ + (n − 2 + 3) ,
s = (m + 2 − 3)ξ + ln |(n − 2 + 3)ξ |.
(22)
Summarizing, the Emden–Fowler equation of the normal form (1) was reduced: (i) to the alternative
Emden–Fowler equation of the normal form (4), and (ii) to the Abel equation of the second kind of the
normal form (15). On the other hand, the generalized Emden–Fowler equation (5) was reduced: (i) to six
different types of generalized Emden–Fowler equations with triads of exponents {n, m, }, and (ii) to the
Abel equation of the second kind of the normal form (22).
In Part I [1] we proved that an Abel equation of the second kind admits exact analytic solutions in
terms of known (tabulated) functions. Thus, the general conclusion of the above discussion is that the
Emden–Fowler equation of the normal form and the generalized Emden–Fowler equation admit exact
analytic solutions, since they can reduce to Abel’s equations of the second kind by means of various
admissible functional transformations.
In what follows we address the issue of exact analytic solutions of several particular second-order
nonlinear ODEs in mathematical physics and nonlinear mechanics. We will prove that these unsolvable
equations of great value admit exact analytic solutions, since they can reduce to Emden–Fowler type
equations, that is to Abel’s equations of the first and second kind.
3. Some particular nonlinear ODEs in mathematical physics and nonlinear mechanics
In [4] it was proved that the unforced damped Duffing nonlinear oscillator with nonlinear stiffness term
can be reduced to Abel and Emden–Fowler equations that do not admit exact analytic solutions in terms
of tabulated (known) functions according to the solvable cases of these types of equations involved in [3].
For small values of the parameters being introduced, approximate asymptotic solutions of the reduced
equations were constructed. However, since in [1] a mathematical technique was developed leading to the
construction of exact analytic solutions of the Abel equations of the second kind, the above mentioned
Duffing problem can be analytically solved. We shall now present several fundamental particular second-
order nonlinear ODEs in mathematical physics and nonlinear mechanics, that can reduce to nonlinear
ODEs of the Emden–Fowler and Abel forms admitting exact analytic solutions. We complete thus the
results developed in [2].
3.1. Nonlinear unforced damped oscillators
A typical and very useful equation of this type is that of the unforced damped Duffing oscillator with
nonlinear stiffness term [4]
yx x + λ1yx + λ2 y3 = 0, (23)
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where λ1 and λ2 are fixed parameters. Introducing the functional transformation
y(x) = n(ξ), ξ = ξ(x) ⇒ yx = nξ ξx, yx x = nξξ ξ 2x + nξ ξx x, (24)
Eq. (23) becomes
ξ 2x nξξ + ξx xnξ + λ1ξx nξ + λ2n3 = 0. (25)
Specifying such that
ξx x = −λ1ξx ⇒ ξx = −λ1ξ, ξ(x) = e−λ1x , (26)
we reduce (25) to the Emden–Fowler equation of the normal form
nξξ = −λ2
λ21
ξ−2n3. (27)
According to the F-transformation (6), Eq. (27) becomes the following generalized Emden–Fowler form
ξnn = λ2
λ1
n3ξ−2(ξn)3, (28)
while by the transformation (14) it becomes the following Abel equation of the second kind of the normal
form:
uut − u = −λ2
λ21
t3; t = n, u = ξnξ . (29)
3.2. Emden’s equation [5]
This equation has the form
yx x + 2
x
yx + yk = 0, k = constant parameter, (30)
and governs the thermal behavior of a spherical cloud of gas acting under the mutual attraction of its
molecules and subject to the classical laws of thermodynamics.
Using transformation (24) with specific form
ξx x = −2
x
ξx ⇒ ξx = x−2 ⇒ ξ = −1
x
,
we extract the Emden–Fowler equation of the normal form
nξξ = −ξ−4nk. (31)
Furthermore, the F-transformation (6) reduces (31) to the generalized Emden–Fowler equation
ξnn = −nkξ−4(ξn)3, (32)
while transformation (14) furnishes also the following Abel equation of the second kind of the normal
form
uut − u = 2(k − 3)
(k − 5)2 t −
(k − 1
k − 5
)2
tk, (33)
where:
t = k − 5
k − 1ξ
− 2k−1 , u = ξ− 2k−1
(
ξnξ − 2k − 1n
)
. (34)
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3.3. The generalized Blasius equation [5]
By the generalized equation of Blasius we mean the following well-known nonlinear ODE of the third
order
yx x x + αyyx x − βy2x + β = 0. (35)
This equation was introduced in studying the laminar flow of a fluid.
The substitution
yx = z(y), yx x = zzy, yx x x = (zzy)y z, (36)
reduces (35) to the following second-order nonlinear ODE:
z2zyy + zz2y + αyzzy − βz2 + β = 0. (37)
On the other hand, transformation (24) on (42) results in
ξ 2y n
2nξξ + ξyyn2nξ + ξ 2y nn2ξ + αyξynnξ − βn2 + β = 0.
Specifying n(ξ) such that
n2nξξ = −nn2ξ ⇒ nnξξ = −n2ξ ⇒ nξ =
1
n
⇒ n2 = 2ξ,
(
n = √2ξ) ,
we extract the equation√
2ξξyy + αyξy − 2βξ + β = 0. (38)
(i) For β = 0 we have the simplified Blasius equation√
2ξξyy = −αyξy,
that is the generalized Emden–Fowler equation
ξyy = − α√
2
yξ−1/2ξy. (39)
The F-transformation (6) reduces (39) to the generalized Emden–Fowler form
yξξ = Aξ−1/2 y(yξ )2, A = α√
2
. (40)
Furthermore, the G-transformation (9) transforms (40) to the form
wt t = Bt−1w(wt)3, B = 4A; w(t) = ξ 1/2, t = (yξ )−1, (41)
while the F-transformation (6) reduces (41) to the following Emden–Fowler equation of the normal
form
tww = −4Awt−1. (42)
Finally, (14) reduces Eq. (42) to the following Abel equation of the second kind of the normal form:
υυs − υ = − 316s −
α√
2
s−1; s = −2w−3/2t, υ = w−3/2
(
wtw − 32 t
)
. (43)
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(ii) For the restricted form of the Blasius equation (axisymetric flow) we have the equation√
2ξξyy = −αyξy + 2βξ. (44)
The substitution
√
2ξ = ω(ξ) yields the new equation
ωωyy + ω2y = −αyωy + βω, (ω = 0), (45)
which by means of the F-transformation (6) results in
ωyωω − yω = αyy2ω − βωy3ω. (46)
Transformation (24), that is y(ω) = υ(s); s = s(ω), with specific form ωsωω = sω transforms (46)
to the following two-term generalized Emden–Fowler equation
υss = As−1/2υυ2s + Bs1/2υ3s , A = −
α√
2
, B = −√2β. (47)
For B = 2A (β = −α) this equation admits an exact analytic solution in parametric form through
compositions of Bessel’s functions [3, pp. 348–366, type 2.6.3.58].
The F-transformation (6) reduces (47) to the alternative two-term generalized Emden–Fowler
equation
sυυ = −Aυs−1/2sυ − Bs1/2. (48)
Transformation (17) with concrete form

z = υ sυ
s
,

t = Aυ2s−1/2 (49)
reduces (48) to the following Abel equation of the second kind:[(
4 − z
)

t

z
t
−2 z +2z2
]
= −2
(

z + B
A
)

t, (50)
which can further result in an Abel equation of the second kind of the normal form (transformations
(18)–(21)).
3.4. The nonlinear gas pressure diffusion equation
Consider the one-dimensional nonlinear gas diffusion equation [6]
2yyx x + 5y2x + xyx = 0. (51)
The F-transformation (6) reduces (51) to the second-order nonlinear ODE
2yxyy − 5xy − xx2y = 0. (52)
Also, specifying transformation (24) in the form
x(y) = n(ξ), ξ = 2
7
y7/2, (53)
we admit the following generalized Emden–Fowler equation
nξξ = 12
(
7
2
)−2/7
ξ−2/7n(nξ )2. (54)
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Furthermore, the G-transformation (9)
w(t) = ξ 5/7, t = n−1ξ , (55)
transforms (54) into the generalized Emden–Fowler equation
wt t = At−1w2/5(wt)3, A = 4950
(
7
2
)−2/7
, (56)
which can be expressed in the following Emden–Fowler equation of the normal form
tww = Aw2/5t−1. (57)
Finally, specifying (14) as
s = −2
7
w−6/5t, u = w−6/5
(
wtw − 65 t
)
, (58)
we obtain the following Abel equation of the second kind of the normal form
uus − u = − 649s −
1
2
(
7
2
)−2/7
s−1. (59)
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